
 

 7. $ERMAN�IS�THINKING�ABOUT�&OR�$ISCUSSION�0ROBLEM����(E�SAYS��h)�HAVE�
A�THIRD�WAY�TO�FACTOR�x6 2 1� �)�REMEMBER�IT�FROM�A�HOMEWORK�PROBLEM�
A�LONG�TIME�AGO�

x6 2 1 = (x 2 1)Ax5 1 x4 1 x3 1 x2 1 x 1 1B
4HIS�IS�DIFFERENT�FROM�BOTH�ANSWERS�v

)S�$ERMAN�S�FACTORIZATION�REALLY�DIFFERENT�

 8. Standardized Test Prep 7HAT�IS�THE�GREATEST�NUMBER�OF�BINOMIAL�FACTORS�
over Z�THAT�YOU�CAN�USE�IN�A�PRODUCT�TO�GET�x 

4 2 1?

 A. 2 

 B. 3 

 C. 4 

 D. 5 

 9. Take It Further Find real numbers a and b�SUCH�THAT�

x4 1 x3 1 x2 1 x 1 1 = Ax2 1 ax 1 1B Ax2 1 bx 1 1B
Maintain Your SkillsMaintain Your Skills

 10. &ACTOR�EACH�POLYNOMIAL�OVER�Z�

 a. 1 1 x 1 x2 1 x3

 b. 1 1 x 1 x2 1 x3 1 x4 1 x5

 c. 1 1 x 1 x2 1 x3 1 x4 1 x5 1 x6 1 x7

 d. 1 1 x 1 x2 1 x3 1 x4 1 x5 1 x6 1 x7 1 x8 1 x9

Is there a general 
method here?

Go nline
www.successnetplus.com
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Example 1

Rational Expressions

0OLYNOMIALS�HAVE�AN�ARITHMETIC�THAT�IS�SIMILAR�TO�THE�ARITHMETIC�OF� 
ORDINARY�INTEGERS��)N�BOTH�SYSTEMS��YOU�CAN�ADD��SUBTRACT��MULTIPLY�� 
AND�DIVIDE��AND�THESE�OPERATIONS�OBEY�THE�SAME�BASIC�RULES��9OU�ALSO�HAVE� 
LONG�DIVISION�IN�BOTH�SYSTEMS��9OU�CAN�USE�THESE�FACTS�TO�SHOW�THAT� 
YOU�CAN�FACTOR�ANYTHING��INTO�PRIMES�FOR�AN�INTEGER�AND�INTO�IRREDUCIBLES� 
FOR�A�POLYNOMIAL	�IN�EXACTLY�ONE�WAY�

&ACTORING�POLYNOMIALS�IS�USEFUL�WHEN�YOU�WANT�TO�SOLVE�POLYNOMIAL�
EQUATIONS��&ACTORING�INTEGERS�IS�USEFUL�WHEN�YOU�WANT�TO�DO�ARITHMETIC�WITH�
FRACTIONS��4HAT�IS��WHEN�YOU�WANT�TO�SIMPLIFY�A�FRACTION�AND�WHEN�YOU�WANT�
TO�ADD�TWO�FRACTIONS�

 1. *UST�FOR�OLDTIME�S�SAKE��SIMPLIFY�  

25�725
86�625 �

 2. &IND�THE�SUM�  

18
49 1  

5
21 �

"ECAUSE�POLYNOMIALS�HAVE�AN�ARITHMETIC��THE�BASIC�RULES�OF�ALGEBRA	�THAT�IS�
SO�MUCH�LIKE�THE�ARITHMETIC�OF�Z��YOU�CAN�DO�ARITHMETIC�WITH�FRACTIONS
OF�POLYNOMIALS�

Problem 3IMPLIFY�  

x 2 2 5x 1 6
x 2 2 9 

�

Solution

   

x 2 2 5x 1 6
x 2 2 9 

=  

(x 2 3)(x 2 2)
(x 2 3)(x 1 3) 

  =  
(x 2 3)(x 2 2)
(x 2 3) (x 1 3)

  =  

(x 2 2)
(x 1 3) 

.OTICE�THAT�THIS�EXPRESSION�IS�EQUIVALENT�TO�THE�ORIGINAL�EVERYWHERE�EXCEPT�
at x = 3� �!T�x = 3� �THE�ORIGINAL�RATIONAL�EXPRESSION�WAS�UNDElNED��BUT�THIS�
NEW�EXPRESSION�IS�EQUAL�TO�  

1
6  at x = 3�

There may be more than 
one way to carry out the 
factorization, but there 
will only be one final 
result.

 1.11 2ATIONAL�%XPRESSIONS 69

 1.11 

When you get your 
ear pierced, your ear 
remains the same 
everywhere except at 
one point.
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Lesson Overview
GOAL

• Factor polynomials to simplify rational expressions.
Rational expressions are introduced, and techniques 
from previous lessons are used to simplify them 
and to perform the basic operations of addition 
and subtraction, paying attention to restrictions on 
the domain. Exercises also include some work with 
partial fractions.

1.11    Rational Expressions  69

CHECK YOUR 
UNDERSTANDING
• Core: 1, 2
• Optional: 3, 4
• Extension: 5
MATERIALS
• CAS (recommended)
• graph paper
• graphing calculators
• Blackline Master 1.11

HOMEWORK
• Core: 9, 10
• Optional: 6, 7
• Extension: 8, 11
VOCABULARY
• rational expression

Launch
Begin this lesson with For You to Do Problems 1  
and 2.

Explore

For You to Do
PROBLEM 2 is the place to draw parallels between 
the work of this section with polynomials and the 
familiar work with numbers. Have students complete 
this work without a calculator. Remind students that 
simplifying a fraction or finding the least common 
denominator is easier when you look at the factored 
form of the numbers.

EXAMPLE 1 The graph of y = x2 2 5x 1 6
x2 2 9

 will be 

identical to the graph of y = x 2 2
x 1 3, except there will 

be a “hole” at the point Q3, 1
6 R.

For You to Do

 1. 25,725
86,625 = 3 ? 5 ? 5 ? 7 ? 7 ? 7

3 ? 3 ? 5 ? 5 ? 5 ? 7 ? 11

       = 7 ? 7
3 ? 5 ? 11

       = 49
165

 2. 18
49 1 5

21 = 54
147 1 35

147 = 89
147
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70 Chapter 1 Functions and Polynomials

 3. 3IMPLIFY�  

x 3 2 1
x 2 2 1

�

Problem 7RITE�THIS�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

  

5x 1 1
x 2 2 1

1  

3
x 2 1 1  

2
x 1 1 

Solution *UST�AS�WITH�INTEGERS��YOU�NEED�TO�lND�A�COMMON�DENOMINATOR��3INCE�
x2 2 1 = (x 2 1)(x 1 1)� �ALL�THREE�DENOMINATORS�ARE�FACTORS�OF�x2 2 1�  You 
CAN�USE�THAT�EXPRESSION�AS�THE�DENOMINATOR��-ULTIPLY�EACH�FRACTION�BY�A�
FORM�OF���THAT�MAKES�ITS�DENOMINATOR�x2 2 1�

 

5x 1 1
x 2 2 1

 1  

3
x 2 1  1  

2
x 1 1 =  

5x 1 1
x 2 2 1

 1  

3
x 2 1 ?  

(x 1 1)
(x 1 1)  1  

2
x 1 1 ?  

(x 2 1)
(x 2 1) 

  =  

5x 1 1
x 2 2 1

1  

3(x 1 1)
x 2 2 1

1  

2(x 2 1)
x 2 2 1

  =  

(5x 1 1) 1 3(x 1 1) 1 2(x 2 1)
x 2 2 1

  =  

10x 1 2
x 2 2 1

  =  

2(5x 1 1)
x 2 2 1

 4. 7RITE�THIS�DIFFERENCE�AS�A�SINGLE�RATIONAL�EXPRESSION�

  

10
x 1 2 2  

6
x 2 2 

Habits of Mind Habits of Mind 
Think about it more 
than one way. If 
you are thinking of 
the polynomials as 
expressions, you call 
fractions like these 
rational expressions. If 
you are thinking of the 
polynomials as functions, 
you call them rational 
functions.
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Check Your UnderstandingCheck Your Understanding

 1. 3IMPLIFY�EACH�RATIONAL�EXPRESSION�

 a.  

15x
5x 2  b.  

x 2 2 y 2

(x 1 y)  

 c.  

x 2 2 y 2

(x 1 y)2  d.  

x 2 2 1
x 4 2 1

 e.  

2x 2 1 x 2 6
3x 2 1 4x 2 4

 f.  

3 2 x 2 3x 4 1 x 5

3 2 x 2 3x 3 1 x 4

 2. ,ET� f (x) =  

2x 2 1 x 2 6
3x 2 1 4x 2 4

�

3UPPOSE�YOU�DElNE�g(x) �BY�THE�SAME�FRACTION��EXCEPT�THE�FRACTION�IS�IN�
SIMPLEST�FORM��(OW�DO�THE�GRAPHS�OF� f (x)  and g(x) �COMPARE�

 3. 7RITE�EACH�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

 a.  

b
b 2 a  1  

a
a 2 b  

 b.  

1
(x 2 a)(a 2 b) 1  

1
(x 2 b)(b 2 a) 

 4. 7RITE�EACH�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

 a.  

1 1 2x
3x 2 3 1  

5 2 x
x 2 2 5x 1 4

 b.  

2
x 2 3 2  

2
x 1 3 2  

1
x  

 c.  

1
(a 2 b)(b 2 c) 1  

1
(b 2 c)(c 2 a) 1  

1
(c 2 a)(a 2 b) 

 5. Take It Further Find numbers A and B�SUCH�THAT

  

1
(x 2 1)(x 2 3) =  

A
(x 2 1) 1  

B
(x 2 3) 

On Your OwnOn Your Own

 6. 3IMPLIFY�EACH�RATIONAL�EXPRESSION�

 a.  

x 2 2 1
x 2 1   b.  

x 4 2 1
x 2 2 1

 c.  

x 6 2 1
x 3 2 1

 d.  

x 8 2 1
x 4 2 1

 e.  

x 10 2 1
x 5 2 1

 1.11 2ATIONAL�%XPRESSIONS 71
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For You to Do
Emphasize that students should factor first.

EXAMPLE 2 Refer to For You to Do Problem 2 for 
parallels to arithmetic. It might help to write x2 2 1 
in factored form.

For You to Do
Warn students to be careful of the subtraction sign 
in front of the second fraction. They want to subtract 
the entire expression in the numerator.

Wrap Up
If time allows, go over Exercise 1 to review 
simplifying fractions and Exercise 4 to review adding 
and subtracting fractions.

Assessment Resources
See Lesson Quiz 1.11 at www.successnetplus.com.

Answers

For You to Do

 3. x2 1 x 1 1
x 1 1 ; x 2 21

 4. 4x 2 32
(x 1 2)(x 2 2)
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Example 2

70 Chapter 1 Functions and Polynomials

 3. 3IMPLIFY�  

x 3 2 1
x 2 2 1

�

Problem 7RITE�THIS�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

  

5x 1 1
x 2 2 1

1  

3
x 2 1 1  

2
x 1 1 

Solution *UST�AS�WITH�INTEGERS��YOU�NEED�TO�lND�A�COMMON�DENOMINATOR��3INCE�
x2 2 1 = (x 2 1)(x 1 1)� �ALL�THREE�DENOMINATORS�ARE�FACTORS�OF�x2 2 1�  You 
CAN�USE�THAT�EXPRESSION�AS�THE�DENOMINATOR��-ULTIPLY�EACH�FRACTION�BY�A�
FORM�OF���THAT�MAKES�ITS�DENOMINATOR�x2 2 1�

 

5x 1 1
x 2 2 1

 1  

3
x 2 1  1  

2
x 1 1 =  

5x 1 1
x 2 2 1

 1  

3
x 2 1 ?  

(x 1 1)
(x 1 1)  1  

2
x 1 1 ?  

(x 2 1)
(x 2 1) 

  =  

5x 1 1
x 2 2 1

1  

3(x 1 1)
x 2 2 1

1  

2(x 2 1)
x 2 2 1

  =  

(5x 1 1) 1 3(x 1 1) 1 2(x 2 1)
x 2 2 1

  =  

10x 1 2
x 2 2 1

  =  

2(5x 1 1)
x 2 2 1

 4. 7RITE�THIS�DIFFERENCE�AS�A�SINGLE�RATIONAL�EXPRESSION�

  

10
x 1 2 2  

6
x 2 2 

Habits of Mind Habits of Mind 
Think about it more 
than one way. If 
you are thinking of 
the polynomials as 
expressions, you call 
fractions like these 
rational expressions. If 
you are thinking of the 
polynomials as functions, 
you call them rational 
functions.
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Check Your UnderstandingCheck Your Understanding

 1. 3IMPLIFY�EACH�RATIONAL�EXPRESSION�

 a.  

15x
5x 2  b.  

x 2 2 y 2

(x 1 y)  

 c.  

x 2 2 y 2

(x 1 y)2  d.  

x 2 2 1
x 4 2 1

 e.  

2x 2 1 x 2 6
3x 2 1 4x 2 4

 f.  

3 2 x 2 3x 4 1 x 5

3 2 x 2 3x 3 1 x 4

 2. ,ET� f (x) =  

2x 2 1 x 2 6
3x 2 1 4x 2 4

�

3UPPOSE�YOU�DElNE�g(x) �BY�THE�SAME�FRACTION��EXCEPT�THE�FRACTION�IS�IN�
SIMPLEST�FORM��(OW�DO�THE�GRAPHS�OF� f (x)  and g(x) �COMPARE�

 3. 7RITE�EACH�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

 a.  

b
b 2 a  1  

a
a 2 b  

 b.  

1
(x 2 a)(a 2 b) 1  

1
(x 2 b)(b 2 a) 

 4. 7RITE�EACH�SUM�AS�A�SINGLE�RATIONAL�EXPRESSION�

 a.  

1 1 2x
3x 2 3 1  

5 2 x
x 2 2 5x 1 4

 b.  

2
x 2 3 2  

2
x 1 3 2  

1
x  

 c.  

1
(a 2 b)(b 2 c) 1  

1
(b 2 c)(c 2 a) 1  

1
(c 2 a)(a 2 b) 

 5. Take It Further Find numbers A and B�SUCH�THAT

  

1
(x 2 1)(x 2 3) =  

A
(x 2 1) 1  

B
(x 2 3) 

On Your OwnOn Your Own

 6. 3IMPLIFY�EACH�RATIONAL�EXPRESSION�

 a.  

x 2 2 1
x 2 1   b.  

x 4 2 1
x 2 2 1

 c.  

x 6 2 1
x 3 2 1

 d.  

x 8 2 1
x 4 2 1

 e.  

x 10 2 1
x 5 2 1

 1.11 2ATIONAL�%XPRESSIONS 71
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Exercises
HOMEWORK
• Core: 9, 10
• Optional: 6, 7
• Extension: 8, 11

Check Your Understanding
EXERCISE 1 The parts of this exercise increase in 
complexity. Encourage students to stick with the 
more complicated parts and to share strategies. You 
may want to use Blackline Master 1.11 here.
EXERCISE 2 The expression here is the same one 
from Exercise 1 part (e).
EXERCISE 4 As with earlier exercises, these parts 
increase in complexity. Use your judgment to decide 
how many of the parts to assign.
EXERCISE 5 This type of calculation comes in handy 
when students learn the partial fractions method of 
integration in a calculus course.

Exercises

 1. a. 3
x  b. x 2 y  c. 

x 2 y
x 1 y

 d. 1
x2 1 1

 e. 2x 2 3
3x 2 2

 f. (x 1 1)(x2 1 1)
x2 1 x 1 1

 2. f(x) = (2x 2 3)(x 1 2)
(3x 2 2)(x 1 2)  and 

g(x) = 2x 2 3
3x 2 2 . The graph of f(x)  

will have a “hole” at f(22),  
or (22,  0.875), since f(22) is 
undefined. The graph of g(x)  will 

not have a hole, since g(22)  is 
defined.

 3. a. 1 b. 1
(x 2 a)(x 2 b)

 4. a. 2x2 2 10x 1 11
3(x 2 1)(x 2 4)

 b. 2x2 1 12x 1 9
x(x 2 3)(x 1 3)

 c. 0

 5. A = 21
2 , B = 1

2

 6. a. x 1 1  b. x2 1 1

 c. x3 1 1  d. x4 1 1

 e. x5 1 1
1.11    Rational Expressions  71
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